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a Università Degli Studi di Udine, Dipartimento Politecnico di Ingegneria e Architettura, Italy
b University of Ljubljana - Faculty of Mechanical Engineering, Askerceva 6, 1000 Ljubljana, Slovenia

A R T I C L E  I N F O

Keywords:
Sound measurement
Vibration measurement
Narrow band
Third-octave band
Videogrammetry
Multi-view
Frequency triangulation

A B S T R A C T

This research presents an optical camera-based method for measuring narrow band and third- 
octave band spectra of the total flexural vibration and total sound radiation of 2D and 3D 
structures. The proposed method overcomes key issues inherent in classical vibro-acoustic mea
surements, such as the requirement of long-duration and full-field measurements and, to some 
extent, the need of physically masking flanking sources and background noise. Digital image 
correlation combined with frequency-domain triangulation is employed, which is particularly 
suited for the derivation of spectral measurements, although classical time-domain triangulation 
could be employed too. The narrow-band vibration and sound radiation spectra are derived from 
integral formulations. In particular, the total sound power radiation is derived using the radiation 
resistance matrix, which can be calculated from numerical quadrature of the boundary integral 
for the sound radiation. The third-octave band spectra are computed by integration of the narrow 
band spectra over appropriate frequency-bands. The proposed method is validated for a baffled 
cylinder model-structure by contrasting the narrow band and third-octave band spectra of the 
total flexural vibration and total sound power radiation estimated from camera recordings with 
those obtained from direct measurements taken with a scanning laser vibrometer and a micro
phones array. The proposed approach offers a valid alternative to traditional vibroacoustic 
measurements, which does not require expensive laboratory facilities and long lasting and costly 
measurement campaigns. Furthermore, it can be effectively integrated into laboratory equipment 
for the offline synthesis and measurement of specific vibroacoustic fields, thus reducing the costs 
and time of conventional tests on real systems, such as the measurement of a) car tire noise, b) 
airplane cabin noise caused by the aerodynamic turbulence and the engines, c) room airborne and 
structure-borne noise produced by household appliances, and d) interior noise transmission 
through windows and partitions of building.

1. Introduction

The spectral measurement of the total flexural vibration and total sound radiation by structures is of great importance for the 
analysis of Noise, Vibration and Harshness (NVH) of transportation vehicles (in particular sound transmission/radiation by wall 
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panels) as well as for the Noise and Vibration (N&V) classification of domestic appliances (normally sound radiation by flexible en
closures and housings) and structural components of buildings (principally sound transmission through partitions and windows) [1,2]. 
In general, acoustic measurements are implemented either in situ (for example with microphones [2–4], nearfield holography tech
niques [5,6], sound intensity probes [7,8], acoustic cameras [9–12]) or in large anechoic or reverberant rooms [2,13,14]. Both so
lutions present a few drawbacks linked to background and flanking disturbances, accuracy and repeatability of the measurement, cost 
of the equipment and of the infrastructure (for more details see monographs by Bies et al. [2] and by Fahy [15]). For these reasons, a 
new approach based on the reconstruction from full-field camera measurements of the vibration and sound radiation of structures has 
been recently explored by Gardonio et. al. [16–19]. In these early studies, both classical 3D-Point-Tracking (3DPT) (e.g. see Refs. 
[20–26]) and Digital-Image-Correlation (DIC) (e.g. see Refs. [20,26–36]) were employed to reconstruct the vibration field and thus the 
radiated sound field.

At present, quite a lot of fundamental research is still in progress for both 3DPT and DIC camera measurement approaches. For 
instance, in 2024 Pastor-Cintas et al. [37] have investigated the effect of temperature on DIC videogrammetry. Also, a review article 
has been presented in Ref. [38] that covered several techniques for motion magnification of video-based vibration measurements of 
civil structures. More recently in 2025 Luo et al. [39] have proposed a new subpixel motion estimation for camera-based vibration 
monitoring under complex exogenous conditions. Also, Mastrodicasa et al. [34] presented a 3D-DIC modal analysis approach for 
aircraft structures, which relies on low-speed cameras. Xiong et al. [40] proposed a method that incorporates an optical field correction 
model into the intensity-based optical flow framework to enhance vibration measurements with low illumination. Luo et al. [41]
presented an adaptive wavelength approach to enhance Phase Motion Estimation (PME) techniques based on optical camera acqui
sitions. Finally, Leclère et al. [42] have produced a comprehensive overview of a competition that was organised in 2023 to 
demonstrate the possibility of diagnosing a bearing operating at a variable rotation speed using high-speed video data only. In general, 
both 3DPT and DIC methods rely on stereo image acquisitions taken with two synchronized cameras [29] and classical triangulation 
techniques to reconstruct the vibration displacements at a grid of target points of the structure at hand [43–45]. As discussed in Hartley 
and Zisserman [46], the accuracy of the measurement can be significantly improved by employing multiple, i.e. more than 2, syn
chronized cameras. Nevertheless, stereo and multi-camera video acquisitions are rather delicate to perform, particularly because they 
rely on perfect synchronization of two or more cameras [47] and because they require an accurate calibration process [46–50]. To 
avoid the synchronization problem, and to reduce the complexity and cost of the measurement procedure, the implementation of 
multi-view triangulation from single camera acquisitions has been investigated during the past decade [51–61]. In particular, Gorjup 
et. al. [62] have proposed a frequency-domain triangulation technique, which has proven quite effective for spectral measurements of 
vibrations. Besides, in Ref. [56], they have developed a measurement approach where still DSLR (Digital Single-Lens Reflex camera) 
images of a vibrating objects are used with modulating illumination to measure spectral operating deflection shape images from 
multiple viewpoints.

The principal advantage of the vibro-acoustic measurement approach proposed in Refs. [16–19] is given by the fact that it does not 
require specific acoustic facilities and measurement setups to mask the effect of external noise and flanking sources, unless they are 
strong enough to modify the vibration of the radiating sample. Moreover, it relies on full field acquisitions taken over rather short time 
windows, so that the measurement is not influenced by variations of the measurement conditions (e.g. temperature, imposed 
tensioning, etc.). The method can be employed for spectral measurements of the sound radiation by 2D and 3D thin structures (such as 
beams, flat and curved panels, closed shells, boxes built from flat panels, etc.) and by 3D mechanical parts (e.g. bulky mechanical 
components and whole machines, etc.). Also, it can be implemented both in-situ (buildings, production plants, air and surface vehicles, 
etc) or in laboratory rooms, which nevertheless do not necessarily need to comply with typical anechoic or reverberation standards 
[2,13,14]. Finally, it can be suitably used to isolate the sound radiation of a specific section of the vibrating structure or machinery. 
Beside these advantages, sound radiation measurements with cameras present a few drawbacks that should be taken into consideration 
such as, for example, the cost of high-speed, high-resolution camera systems, the need of advanced computing infrastructure and 
specialized software. Also, it is likely that the approach will suffer from intrinsic limitations for the detection of low amplitude vi
brations at high frequencies. Finally, it is specifically suited for the reconstruction of structure-borne noise radiation and cannot be 
used to detect air-borne sound radiation. At present it is rather difficult to make a cost-benefit analysis for this new measurement 
approach, principally because off the shelf cameras, computers and software have been used in the early experiments. As often happens 
in practice, it will all depend on whether the technology has access to low-cost high-speed and high-resolution cameras and high- 
performance computing machines as well as the availability of open-source software for the image processing and the sound radia
tion calculations [63]. Nevertheless, at present, there is quite a lot of interest on the possibility of measuring both vibration and sound 
radiation spectra from full field camera recordings taken on flexible structures and mechanical components or machines.

In this context, a novel, self-contained, formulation is presented here for the derivation of narrow band and third-octave band 
spectra of the total flexural kinetic energy and total sound power radiation of distributed structures from multi-view video acquisitions 
taken with a single camera. The two spectral functions are derived from integrations of the flexural vibration field reconstructed from 
the camera measurements over the surface of the radiating body. In contrast to classical approaches, the total sound power radiation is 
derived by collapsing onto the radiation surface itself the far-field surface over which the sound intensity is normally integrated. This 
has led to consistent matrix formulations for the total flexural kinetic energy and the total sound power radiation, where the latter 
incorporates a radiation resistance matrix. In this study, both the narrow band and third-octave band spectra of the total flexural 
vibration and total sound radiation of a baffled cylinder model-structure derived from camera measurements with the proposed 
formulation are validated against measurements taken with a scanning laser vibrometer and a microphones array respectively. The 
baffled cylinder research-case has been chosen for two principal reasons. Firstly, because it is a “geometrically-complex” structure with 
a closed and curved surface whose sound radiation can nevertheless be derived in analytical form. Secondly, because it represents a 
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“dynamically-rich” structure whose flexural response is characterised by a fast increment of the flexural modal density with frequency 
[64,65]. Hence, at low frequencies, the spectrum of the total sound power radiation shows well separated resonance peaks, whereas at 
higher frequencies it displays a spectrum with wider band crests and troughs due to the constructive or destructive overlap of the 
dynamic responses of multiple modes at each frequency. In practice, for realistic structures and machineries characterised by complex 
geometries, numerical approaches like the acoustic Boundary Element Method (BEM) and the acoustic Finite Element Method (FEM) 
should be employed [65].

The article is structured in six Sections including the last one with the conclusions of the study. To start with, Section 2 describes the 
baffled-cylinder model structure, the camera video recording setup and the vibration and acoustic measurement arrangements used to 
validate the proposed camera approach for the reconstruction of the flexural vibration and sound radiation of the model structure. 
Next, Section 3 presents the core formulation for the derivation from camera measurements of the spectra of the total flexural vibration 
and total sound power radiation of the model-structure. Then, Section 4 presents experimental results where the narrow and third- 
octave band spectra of the total flexural vibration and total sound radiation derived from the camera measurements are contrasted 
with those measured with a scanning laser vibrometer and an array of microphones. Finally, Section 5 discusses the extension of the 
proposed measurement approach to real case structures, which relies on BEM and FEM models. Moreover, it provides detailed analyses 
of the challenges yet to be addressed before the proposed measurement technique can be implemented on a wide range of structures.

2. General research-case and measurement setups

To provide a general research-case, the thin-walled circular cylinder connected to rigid baffles shown in Fig. 1a has been used as 

Fig. 1. (a) model structure, (b) triangulation to reconstruct radial displacements, (c) proposed near-field sound radiation measurement surface with 
62 × 20 mesh of quadrilateral elements and (d) classical far-field sound radiation measurement surface with 8 × 6 mesh of quadrilateral elements 
(dimensions in mm).
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model-structure. This is one of the few closed shell structures whose sound radiation can be derived from closed-form analytical 
expressions [66]. For more practical structures, numerical approaches like BEM or FEM should be employed instead [65]. As shown in 
Fig. 1b, the proposed method is based on the reconstruction of the cylinder radial displacements due to flexural vibrations from 
triangulation of images acquired from two (or more) viewpoints. More specifically, as depicted in Fig. 1c, the radial displacements are 
reconstructed at the centres of the regular mesh of N = 62 × 20 = 1240 quadrilateral elements covering the whole surface of the 
cylinder (20 elements along the length and 62 along the circumference of the cylinder). The total flexural kinetic energy is derived as 
the summation of the kinetic energies of the quadrilateral elements. Similarly, the total sound radiation is calculated from a discretized 
form of the Kirchhoff – Helmholtz integral for the sound radiation of flexible bodies into free-field [65–69], which summates the self 
and mutual radiation effects of the quadrilateral pistons in an infinitely extended rigid cylindrical baffle [65].

Before entering into the details of the mathematical formulations for the reconstruction of the flexural vibration from camera video 
acquisitions and for the derivation of the spectra of the total flexural response and total sound power radiation, the thin-walled baffled 
cylinder model-structure employed in this study is first presented below together with the camera setup for the video acquisitions used 
to reconstruct the spectra of the cylinder total flexural vibration and total sound radiation. The laser vibrometer with a scanning head 
and the microphone array used to acquire reference spectral measurements are also illustrated.

2.1. Model structure

As shown in Figs. 1a and 2a, the model-structure is made by a thin-walled flexible cylinder, equipped with two heavy baffle ex
tensions characterised by negligible flexural vibrations. The three components are made by thin-walled cylinders of steel with 
thickness hc = 1mm and inner diameter Dc = 300mm and are connected to each other via circular flanges. The bottom flange of the 
lower baffle is mounted onto a heavy base disk via a turning joint such that, as depicted in the Fig. 2a, the whole assembly can be 
rotated around the vertical axis. This solution is instrumental to implement both multi-view camera acquisitions of the structure with a 
fixed camera and multiple vibration and sound pressure measurements with a fixed scanning laser vibrometer and a fixed vertical array 
of microphones respectively. To have dampened and heavy bodies, the two baffle cylinders were filled with sand. In principle, the two 
baffles should be infinitely long, but for practical purposes, as shown in Fig. 1a, their lengths have been set to be about 1.6 times of that 
of the cylinder. In this way, the local acoustic scattering effect near the terminations of the flexible cylinder is preserved such that, in its 
proximity, the sound radiation field replicates quite accurately that of an idealised cylinder connected to infinitely long baffle ex
tensions. As a result, the total sound power radiation was properly measured in an anechoic room with a microphones array. As can be 
seen in Fig. 2b, the cylinder was coated with a thin film painted with a speckle pattern necessary for the implementation of DIC 
videogrammetry [20,26–36]. The cylinder was excited in bending by a radial point force exerted with an electro-magnetic shaker 
located inside the cylinder itself. The force exerted by the shaker was measured with a load cell mounted at the tip of the stinger used to 
connect the shaker to the cylinder wall.

2.2. Camera measurement setup

As depicted schematically in Fig. 1b, the reconstruction of the vibration field from camera video recordings is based on triangu
lation of video-acquisitions taken from different viewpoints (here the cameras are represented with the so-called pinhole model 
[47,70]). To enhance the accuracy of the measurement, and to cover the whole surface of the cylinder, rather than stereo video ac
quisitions, multiple acquisitions from an ensemble of V = 18 viewpoints were taken. More specifically, as shown in Fig. 3, instead of 
using 18 fixed cameras that simultaneously recorded images from 18 viewpoints, a single camera solution was adopted, where the 
camera was kept fixed and acquired a sequence of multi-views while the cylinder was rotated by incremental steps in between 

Fig. 2. (a) thin-walled cylinder with two heavy baffles extension mounted on base disk via a turning joint; (b) cylinder coated with a thin film 
painted with a speckle pattern for the DIC videogrammetry and ArUco markers for the extrinsic camera calibration.
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acquisitions. To this end, the vibration field was reconstructed with the frequency-domain triangulation proposed in Refs. [56,62], 
which, for completeness, is briefly recalled in Section 3.1 below.

Having many viewpoints is not a mere requirement for the measurement of the flexural vibration field of the whole surface of the 
3D cylindrical shell. On the contrary, it is also a mean to increase the accuracy of the vibration field reconstruction (e.g. see Ref. [47]). 
In fact, as the schematic drawing in Fig. 4 visualizes in two-dimensions using the pinhole model for the camera [47,70], if a single view- 
point were used, then, as depicted in sketch (a), the position of the dot would be restricted on a cone open-surface defined by the two 
straight lines that pass by the focal point of the camera and the edges of the pixel lightened by the dot. To restrict the localization of the 
dot to a closed-surface, two view-points are normally used. In this case, as shown in sketch (b), the position of the dot would be limited 
to the blue area given by the intersection of the two cones. Normally, the position of the dot is set at the centroid of the blue area. If, as 
depicted in sketch (c), additional view-points were added, then the blue area would be sliced into incrementally smaller blue surfaces 
such that the position of the dot would be reconstructed with greater accuracy.

Fig. 5 shows the camera setup used in this study. The video acquisitions were taken with a Photron FASTCAM SA-Z high-speed and 
high-resolution optical camera. The camera acquired 50.000 12-bit monochrome images at 10.000 frames-per-second, with a spatial 
resolution of 896 × 896 pixels. Two LED light reflectors were used to lighten the measurement area of the cylinder. A two-stages 
calibration was performed. Firstly, the intrinsic camera calibration was implemented by taking multiple images of a standard 
checkerboard that was appropriately displaced and rotated in between acquisitions of the images. Since the optic of the camera was 
kept fixed during the multi-image acquisitions, this exercise was executed only once and provided the focal length and the optical 
centre of the camera, which were then incorporated in the so-called intrinsic camera calibration matrix K [49]. Secondly, the extrinsic 
camera calibration was performed using the Perspective-n-Point algorithm [71]. The reference images of each multi-view measure
ment video, taken from the 18 viewpoints selected for the multi-view camera acquisitions, were used in this process. Here, the actual 
spatial positions of ArUco markers printed on the film coated on the cylinder close to the top and bottom rims (see Figs. 2b and 5c) were 
combined with their automatically detected projections on the camera image plane for the whole set of 18 viewpoints to give the 
perspective camera rotation matrices Rv and translation vectors tv for the 18 viewpoints. Overall, the intrinsic and extrinsic camera 
calibrations provided a fully calibrated multi-view imaging setup, with known perspective camera projection matrices Pv [46]: 

Pv = K[Rv|tv], (1) 

where v = 1, ⋯, V with V = 18. In this expression, the cameras calibration matrix K transforms the normalized image coordinates into 
the image coordinates expressed in pixels (e.g. see Ref. [47] for more details). Also, it provides the camera scaling, which is controlled 
by the focal length f of the camera.

2.3. Laser vibrometer and microphone array measurement setups

To assess the validity of the proposed measurement approach, the spectra of the cylinder flexural vibration and sound radiation 
obtained from the camera video acquisitions were contrasted with those measured with a Polytec PSV-500-NB laser vibrometer and an 
array of PCB 130F20 microphones respectively. More specifically, the laser vibrometer was set to measure the radial velocities of the 
cylinder at the centres of the 62 × 20 mesh of quadrilateral elements it had been subdivided into (see Fig. 1c). To this end, as can be 
seen in Fig. 6b, the thin film with the speckle pattern glued onto the cylinder was augmented with a lattice of green dots that provided a 
reference for the pointer of the laser vibrometer. Also, as shown in Fig. 6a, the laser was arranged in such a way as to acquire 

Fig. 3. Multiview camera measurements taken (a) simultaneously on a still cylinder with an ensemble of fixed synchronized cameras and (b) 
sequentially with a single fixed camera on a cylinder, which is rotated by incremental steps in between recordings.
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sequentially with the scanner head the vibrations along a vertical line of 18 measurement points. As done with the cameras, to acquire 
the whole set of 62 lines of points, rather than turning the laser around the cylinder, the cylinder itself was rotated by incremental steps 
of 6DEG. The laser vibrometer was set to measure mobility Frequency Response Functions (FRFs), given by the ratio of the radial 
velocity measured at the target points and the radial force exerted by the shaker, which was measured with the load cell fixed at the tip 
of the stinger. The measured mobility FRFs were then used to reconstruct the spectrum of the total flexural vibration of the cylinder, 
which was expressed in terms of the total flexural kinetic energy.

The total sound radiation was measured with the vertical array of microphones shown in Fig. 6c. The measurement was carried out 
according to the ISO 3740:2019 and ISO 3744:2010 guidelines (see Refs. [3,4]) for the estimation of sound radiation in an anechoic 
room. In general, this measurement is carried out in a semi-anechoic room by placing the tested object on the floor and taking sound 
pressure measurements on a grid of points lying on a large hemispherical surface where the sound field produced by the radiator can be 
locally approximated as a plane wave such that the radiated sound power can be derived from measurements of the sound pressure 
only [2]. Given the peculiar shape of the baffled cylinder radiator considered here, as can be seen in Fig. 6c, the measurement was 
carried out in a fully anechoic room and the sound pressures were taken on a large cylindrical surface, which was extended over the 
two baffles. In this way, both the sound radiated directly by the cylinder and the sound scattered by the two baffles were measured 
appropriately. For the given dimensions of the baffled cylinder and of the whole anechoic room, the measurement cylindrical surface 
was taken to have a diameter Ds = 1500mm and a height Hs = 600mm such that it extends over the baffles by ΔH = 150mm. For 
practical reasons, the sound pressures were measured on a coarse 8 × 6 grid of points (8 in circumferential and 6 in axial direction). As 

Fig. 4. Localization of a dot from triangulation of camera multi-views. (a) single view locates the dot on a cone open-surface. (b) two views locate 
the dot on the blue closed-surface given by the intersection of two view-cones. (c) the area of the blue closed-surface is sliced down by the in
tersections of multiple view-cones. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)

Fig. 5. Camera measurement setup with (a) the FASTCAM SA-Z high-speed and high-resolution monochromatic optical camera and two lights, (b) 
the baffled cylinder mounted on the heavy base disk via a turning joint, which is coated with (c) a thin film with painted the speckle pattern used for 
the DIC videogrammetry and the ArUco makers used for the extrinsic camera calibration.
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depicted schematically in Fig. 1d, the measurement points were located at the centre of a 8 × 6 regular mesh of quadrilateral elements. 
The measurements were taken with the vertical array of 6 microphones shown in Fig. 6c and, as done with the laser vibrometer, the 
acquisitions were repeated 8 times with 45 (DEG) rotations of the baffled cylinder that produced the 8 × 6 grid of measurements solid 
to the cylinder.

3. Flexural vibration and sound radiation spectra from fixed camera multi-view acquisitions

This section introduces the formulations for deriving the spectra of the total flexural vibration and total sound radiation from the 
multi-view video acquisitions gathered with the fixed camera while the cylinder is rotated in between acquisitions. To allow a full 
understanding of the method proposed in this article, at first the reconstruction of the vibration field based on the frequency-domain 
triangulation presented in [56,62] is briefly recalled in Section 3.1. Next, the derivation in terms of compact matrix expressions of the 
spectra of the total flexural kinetic energy and total sound power radiation is presented in detail in Sections 3.2 and 3.3 respectively. 
The two formulations are based on integral expressions of the flexural velocity and sound intensity fields over the radiating surface, 
that is the surface of the flexible cylinder (See Fig. 1c). The sound intensity field is derived directly from the vibration field using the 
Kirchhoff-Helmholtz (K-H) boundary integral formulation for the sound radiation of flexible structures into free-field [65–69]. For 
completeness, the alternative formulation where the total sound power radiation is derived from the integral of the sound intensity 
field over a far-field radiation surface (See Fig. 1d) is also presented. In this case too, the far-field sound intensity is reconstructed using 
the Kirchhoff-Helmholtz boundary integral. In conclusion Section 3.4 presents the equivalent compact matrix formulae for the spectra 
of the total flexural kinetic energy and total sound power radiation derived from direct measurements of the vibration field and sound 
intensity field obtained respectively with the laser vibrometer and the grid of microphone measurements.

The formulations presented in this article are based on time-harmonic functions g(t) (i.e. acoustic/vibration displacements, ve
locities, forces, pressures), which, in general, are defined in the following complex form: 

g(t) = Re
{
g(ω)ejωt}, (2) 

where, g(ω) is the complex amplitude, ω is the circular frequency and j =
̅̅̅̅̅̅̅
− 1

√
. It is important to stress that an exp(jωt) time- 

dependence has been adopted, which has quite a relevant impact on the expression for the sound radiation generated by the cylin
der model structure [72].

3.1. Cylinder flexural vibration from multi-view camera acquisitions

Fig. 1b shows a simplified outline of the triangulation working principle with two cameras, which relies on the pinhole model for 
the projection of the seen on the image plane of the cameras [47,70]. As depicted in the sketch, when the point highlighted by the red 
dot is displaced radially from the reference position (r, θ, z) to (ŕ , θ, z), its images in the two cameras move from positions (uv1, vv1) and 
(uv2, vv2) to positions 

(
uv́1, v́v1

)
and 

(
uv́2, v́v2

)
respectively. The pinhole model establishes a relation between the coordinates of the 

point and the coordinates of its images into the camera plane. For instance, considering the dot at position x, the following matrix 

Fig. 6. Vibration and sound radiation measurement setups. (a) Polytec PSV-500-NB Laser vibrometer with a scanner head used to measure the 
radial velocities at (b) the grid of 62 × 20 measurement points highlighted by green dots in the film coated on the cylinder (green colour is 
augmented to better visualise the dots). (c) Array of 6 PCB 130F20 microphones used to measure the sound radiation pressure at a grid of 6 × 8 red 
points on the cyan cylindrical measurement surface solid to the cylinder (for both measurements, the laser/microphone-array are kept fixed whereas 
the cylinder, and thus the cyan measurement surface, are turned sequentially). (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)
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relation can be established for the v-th viewpoint: 

yv(t) =
1
wv

Pvx(t), (3) 

Here, x = [x, y, z,1]T is the homogeneous vector that defines the position of the dot with respect to the global Cartesian system of 
reference (O, x, y, z) solid to the cylinder and yv = [uv, vv,1]T is the homogeneous vector that defines the position of the dot projection 
into the image plane of the camera for the v-th viewpoint with respect to the local Cartesian systems of reference (o,u, v). Moreover, wv 
is the v-th scale factor and Pv is the v-th projection matrix defined in Eq. (1), which, as shown in Refs. [47,70], depend on the position 
and orientation of the camera with respect to the global system of reference fixed to cylinder.

The perspective scale factor wv depends both on the projection matrix Pv and the position of the observed point x. This makes the 
mapping in Eq. (3) non-linear in the Euclidean space and linear in the projective space [46]. Consequently, as shown schematically in 
Fig. 1b, an infinite number of points can be projected into a given image point, that is all the points in front of the camera that lie on the 
projection line joining the focal point of the camera optics and the image point in the photosensor of the camera. Overall, this pro
jection is non-invertible unless, as shown Fig. 1b, the target point is observed from two viewpoints. As discussed above with the 
schemes shown in Fig. 4, the more view-points are available the more accurate will be the actual localisation of the dot position, which, 
in practice, rather than on a projection line, lies on a small volume defined by the intersections of the view-cones defined by the focus of 
the optics (vertex) and edges of the photosensor pixel lightened in each view.

In this work, rather than implementing classical time-domain triangulation of multi-view images [47], the frequency-domain 
triangulation presented in [62] is exploited, which is particularly suited for the derivation of vibration and sound radiation spectra. 
In this method, the image-based displacements taken from each view are Fourier transformed in the frequency-domain and then used 
to implement a frequency-domain triangulation that provides the spectra of the physical displacements of given points in the cylinder. 
The multi-view video acquisitions are taken in sequence using a common, pre-recorded, stationary white noise excitation exerted by 
the shaker. Indeed, a strong pre-requisite of the frequency triangulation is that the multi-view acquisitions are taken for a common 
stationary excitation time-history, which is characterized by a pre-recorded white noise process such that the classical signal pro
cessing tools can be employed to reconstruct FRFs for each measurement viewpoint (e.g. see Ref [73]). In this study, instead of 
implementing 3DPT, the image-based displacement FRFs were reconstructed with Lucas-Kanade DIC videogrammetry approach, 
which relies on the speckled film glued on the cylinder [74]. More specifically, the DIC has been used to reconstruct the displacements 
at the centre points of the mesh of N = 62 × 20 = 1240 quadrilateral elements the cylinder has been divided into (see Figs. 1c, 6b). 
Here, it is important to underline that the DIC videogrammetry has not relied on the green dots painted on the film, but instead on the 
small black dots forming the speckled pattern. For simplicity, hereafter, the grid of 62 × 20 centre points will be referred to as the 
“centre points”.

Gorjup et. al. [62] showed that, assuming time-harmonic vibrations, Eq. (3) can be rewritten in the following complex form 

yv(ω) =
1
wv

Pvx(ω), (4) 

where the vectors yv(ω), x(ω) contain the complex coefficients of the Fourier transform of the time history of the position of the j-th 
point in the image 2D space and physical 3D space respectively. As for the classical time-domain formulation, Eq. (4) can be used to 
retrieve the position of the j-th point in the physical coordinates to within a scaling factor wv. Hence, to derive the true position, 
triangulation should be implemented, that is the expression in Eq. (4) should be solved for the multiple view recordings. In this case, 
recalling that 

yvj(ω) ×
1
wv

Pvxj(ω) = 0, (5) 

the following matrix expression can be established for the j-th point 

Ajxj(ω) = 0, (6) 

where 0 is a 3V × 1 vector of zeroes and A is the following 3V × 4 matrix built using the skew-antisymmetric matrix operator [ ]×: 

Aj =

⎡

⎢
⎣

[
y1j

]

×
P1

⋮ ⋮[
yVj

]

×
PV

⎤

⎥
⎦. (7) 

Equation (6) forms a homogeneous system of 3 V linearly dependent equations in 2 V unknowns, which can be cast into a set of 2 V 
independent equations [47].

In practice, the image plane coordinates of the projected points are affected by digitalization errors, noise errors, etc. such that, the 
non-trivial solutions of the system of equations defined in (6) can be found only numerically with the Singular Value Decomposition 
(SVD) method [46]. The solutions are thus bound to be influenced by errors that arise from both the numerical calculations and the 
actual digitalization and noise errors that affect the coordinates of the centre points in the image plane of the camera for the 18 view- 
point acquisitions. Once the frequency-dependent complex positions have been reconstructed in the Euclidean space, the complex 
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amplitudes of the actual vibration displacements can be readily calculated as follows 

dj(ω) = xj(ω) − xj,ref . (8) 

Here the vector xj,ref defines the reference position of the j-th point in the physical coordinates. The radial component of the 
displacement can then be calculated by projecting the vector dj(ω) in the radial direction defined by the unit vector nj: 

wj(ω) = dj(ω) ⋅ nj. (9) 

Finally, the dynamic flexibility FRF [75] giving the ratio between the complex amplitude of the radial displacement at the j-th centre 
point and the complex amplitude of the radial force applied to the cylinder can be derived straightforwardly as follows 

αj(ω) =
wj(ω)

fr(ω)
, (10) 

where fr(ω) is the complex amplitude of the time-harmonic radial force acting on the cylinder, which, as done for the displacements, is 
derived from a Fourier transform of the force time history fr(t). As discussed above, in practice, the dynamic flexibilities are estimated 
with respect to stationary random processes. More specifically the optical measurements are taken for a white noise force excitation 
fr(t) and, according to classical signal processing theory (e.g. see ref. [73]), the dynamic flexibilities αj(ω) are estimated from the power 
and cross spectral density functions of the radial displacements and radial force. In this work the H1 estimator was used, which is 
unbiased to the presence of output noise, that is noise arising from the camera acquisitions. Also, the classical measures that guarantee 
a proper reconstruction of the FRFs from discretized time histories were adopted (e.g. excitation filtering to avoid aliasing, FFT 
implementation, windowing, overlapping, averaging). In particular, the FRFs were generated by averaging 10 FRFs obtained from 
consecutive blocks of the displacement and force time-histories with 10% overlap. The accuracy of the measured FRFs was ensured 
with respect to the spectrum of the ordinary coherence function. The reader interested into the details of these aspects is on the one 
hand referred to classical Signal Processing textbooks focussed on FRFs estimation such as Ref. [73] and on the other hand to the work 
by Gorjup et. al. [62] that outlines in detail the frequency-domain triangulation approach.

3.2. Cylinder total flexural vibration

For stationary ergodic time-harmonic processes, the total flexural vibration of the cylinder can be conveniently derived in terms of 
the time-averaged total flexural kinetic energy, 

K = lim
T→∞

1
T

∫ T

0
K(t)dt, (11) 

where, for a thin-walled cylinder, the instantaneous total flexural kinetic energy is given by: 

K(t) =
1
2

ρchc

∫

Sc

ẇ(x, t)2dSc. (12) 

Thus, for time-harmonic radial velocities characterised by complex amplitude ẇ(x,ω) = jωw(x,ω), 

K(ω) = 1
4

ρchc

∫

Sc

|ẇ(x,ω) |
2dSc. (13) 

Here, ρc is the density of the material of the cylinder having thickness hc and surface area Sc = πDcHc. This integral expression can be 
approximated by a Riemann mid-point sum over the regular mesh of N = 62 × 20 = 1240 quadrilateral elements into which the 
surface of the cylinder was divided to, such that: 

K(ω) ≅ ρchcAe

4
∑N

j=1

⃒
⃒
⃒
⃒ẇj(ω)

⃒
⃒
⃒
⃒

2

, (14) 

where ẇj(ω) is the complex amplitude of the radial velocity at the centre of the j-th element and Ae = Sc/N is the area of the quad
rilateral elements the cylinder has been subdivided into (they all have the same area).

At this point, recalling the formulation presented above for the reconstruction from multi-view camera measurements of the 
complex amplitudes of the radial vibration displacements at the centres of the mesh of 62 × 20 quadrilateral elements, the time- 
averaged kinetic energy at the circular frequency ω can be expressed in terms of the dynamic flexibility defined in Eq. (10), such that 

K(ω) ≅ ω2ρchcAe

4
∑N

j=1

⃒
⃒αj(ω)

⃒
⃒2f2

r0, (15) 

where fr0 = |fr(ω) | is the amplitude of the radial force exerted by the shaker, which was kept to a constant value fr0 in the frequency 
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range of interest.
In practice, this summation is implemented with a vector formulation. To this end, the complex displacements and the dynamic 

flexibility FRFs are cast into the following column vectors w(ω) = [w1(ω) ⋯ wN(ω) ]T and a(ω) = [ α1(ω) ⋯ αN(ω) ]T, such that 

w(ω) = a(ω)fr(ω). (16) 

Hence, recalling Eqs. (14), (15), 

K(ω) ≅ ω2Me

4
wH(ω)w(ω), (17) 

that is 

K(ω) ≅ ω2Me

4
aH(ω)a(ω)f2

r0, (18) 

where Me = ρchcAe is the mass of one quadrilateral element.

3.3. Cylinder total sound radiation

As seen for the vibrations, for stationary ergodic time-harmonic processes, the total sound radiation by the cylinder can be 
conveniently derived in terms of the time-averaged total sound power radiation, 

P = lim
T→∞

1
T

∫ T

0
P(t)dt, (19) 

where, as shown in Fig. 1d, the instantaneous total sound power radiation P(t) of the baffled cylinder is obtained by integrating over a 
cylindrical surface Sr that encloses the baffled cylinder the sound intensity I(xr, t) = p(xr, t)u̇(xr, t), which is given by the product of the 
sound pressure p(xr, t) and the particle velocity vector u̇(xr, t) at position xr over the surface Sr. In general, the particle velocity, and 
thus the sound intensity too, are characterised by three components. However, in practice, the integration is carried out over a large 
surface Sr where the radiated sound waves locally resemble plane waves. In this case the particle velocity is oriented in radial direction 
such that I(xr, t) ≅ Ir(xr, t) = p(xr, t)u̇r(xr, t), where Ir(xr, t) and u̇r(xr, t) are the sound intensity and the particle velocity in radial 
direction. Hence, for a large cylindrical measurement surface Sr having a diameter considerably bigger than that of the cylinder, i.e. 
Dr ≫ Dc, and significantly bigger than the acoustic wavelength, i.e. ,Dr ≫ λ, the instantaneous total sound power radiation is given by 

P(t) =
∫

Sr

Ir(xr, t)dSr =

∫

Sr

p(xr, t)u̇r(xr, t)dSr. (20) 

In this study a simpler approach is proposed, where, as depicted in Fig. 1c and d, the closed surface Sr is collapsed onto the surface of 
the radiating structure, that is on the surface of the flexible cylinder Sc. In this case, the fluid particle velocity over the surface of the 
radiating structure coincides with the radial, i.e. flexural, velocity of the cylinder, such that the instantaneous total sound power 
radiation can be derived from the following integral defined over the surface of the flexible cylinder only: 

P(t) =
∫

Sc

p(x, t)ẇ(x, t)dSc. (21) 

Thus, considering time-harmonic sound pressure and radial velocity with complex amplitudes p(x,ω) and ẇ(x,ω) = jωw(x,ω), the 
time-averaged total sound power radiation results given by 

P(ω) =
1
2

∫

Sc

Re{p*(x,ω)ẇ(x,ω) }dSc, (22) 

where ()* is the complex-conjugate of the argument.
The integral in Eq. (22) requires the derivation of the sound pressure over the surface Sc. This can be accomplished analytically 

starting from the K-H integral [65–69], which, considering the whole surface S = Sc ∪ Sb1 ∪ Sb2 of the flexible cylinder, Sc, and rigid 
baffles, Sb1 and Sb2, states that the complex amplitude of the sound pressures p(xa,ω) at position xa in the acoustic field is given by 

p(xa,ω) = −

∫

S

(

p(x,ω) ∂G(|xa − x|,ω)

∂r
+ jωρ0G(|xa − x|,ω)ẇ(x,ω)

)

dS. (23) 

Here, ρ0 is the density of air and G(|xa − x|,ω) is a Green’s function that satisfies the inhomogeneous Helmholtz acoustic equation and 
the condition of outward sound radiation into an unbounded acoustic domain, that is the Sommerfeld free radiation condition [65–69]. 
This integral equation is composed by two parts: the first, provides the sound radiation due to the scattering of sound on the walls of the 
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cylinder and baffles whereas, the second, provides the sound radiation generated by the flexural vibration of the flexible cylinder only. 
Recalling that k = ω/c is the acoustic wavenumber and c is the speed of sound, the simplest Green’s function that satisfies these 
conditions is the so-called 1st-kind Green’s function (or free-space Green’s function) [65–69]: 

g(|xa − x|,ω) = e− jk|xa − x|

4π|xa − x|
. (24) 

For the cylindrical radiator at hand, the adoption of this Green’s function in the K-H integral would lead to a two steps calculus, where 
the sound pressure p(x,ω) on the surface of the cylinder and baffles is first derived setting xa = xʹ in the integral and then the K-H 
integral is employed again to calculate the sound pressure p(xa,ω) in the acoustic field. However, as discussed in [66,69], there is 
another common form, called 2nd-kind Green’s function, which satisfies Neumann boundary condition, that is 
∂G(|xa − x|,ω)/∂r |r=Rc

= 0, where Rc is the radius of the cylinder. In this case the first part of the K-H integral vanishes and the sound 
pressure can be calculated directly from Eq. (23) with a single step procedure considering only the surface of the vibrating cylinder: 

p(xa,ω) = − jωρ0

∫

Sc

G(|xa − x|,ω)ẇ(x,ω)dSc. (25) 

The Neumann boundary condition imposes that the sound field generated by an infinitesimal vibrating element of the flexible cylinder 
dSc satisfies rigid wall boundaries of the radiating object, that is of the flexible cylinder and two baffles in this specific case. Stepa
nishen [76], first derived the solution of the simplified K-H integral expression given in Eq. (25) for the sound radiation of a baffled 
cylinder. Here the following expression obtained in [77] is used instead, which, as assumed in this study, was derived for time- 
dependence exp(jωt): 

p(ra, θa, za,ω) = − j
ωρ0

2π2

∫2π

0

∫Hc

0

⎛

⎝ẇ(Rc, θ, z,ω)
∑+∞

m=0
εmcos(m(θa − θ) )

∫∞

0

cos(kz(za − z) )
krRc

H(2)
n (krra)

H(2)́
n (krRc)

dkz

⎞

⎠Rcdθdz. (26) 

Here, εm = 2 for m ∕= 0 whereas εm = 1 for m = 0. Also, H(2)
n , H(2)́

n are the 2nd-kind Hankel function and its derivative respectively 

[72]. Moreover, kr =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − k2
z

√

where kz is the projection of the acoustic wavenumber into longitudinal direction. As shown in [78], if 

exp( − jωt) where assumed, then Eq. (26) would have used 1st-kind Hankel function and therein derivative (i.e. H(1)
n and H(1)́

n [72]). 
Moreover, the term outside the integral would have been + ωρ0/(2π2).

In the end, substituting Eq. (26) into Eq. (22), the time-averaged total sound power radiation results given by the following double 
integral 

P(ω) =
1
2

∫

Sc

∫

Sc

Re{ẇ(xʹ,ω)*Z(xʹ|xʹ́ ,ω)ẇ(xʹ́ ,ω) }dScdSc, (27) 

where, considering the complex amplitude of the volume velocity U̇r(xʹ́ ,ω) = ẇ(xʹ́ ,ω)dSc produced by the radial vibration of the 
infinitesimal area of the cylinder dSc, the acoustic impedance Z(xʹ|xʹ́ ,ω) results given by (see Refs. [67,79–81] for the numerous 
definitions of acoustic impedance given in books) 

Z(xʹ|xʹ́ ,ω) = p(xʹ,ω)
U̇r(xʹ́ ,ω)

. (28) 

Recalling Eq. (26), the acoustic impedance for the cylinder problem at hand results given by 

Z(xʹ|xʹ́ ,ω) = − j
ωρ0

2π2

∑+∞

m=0
εmcos(m(θʹ − θʹ́ ) )

∫∞

0

cos(kz(ź − zʹ́ ) )
krRc

H(2)
n (krRc)

H(2)́
n (krRc)

dkz. (29) 

As seen for the kinetic energy, the integral expressions for the time-averaged total sound power radiation given in Eqs. (22) and (27)
can be approximated by a Riemann mid-point sum over the mesh of N = 62 × 20 = 1240 quadrilateral elements of the cylinder, such 
that 

P(ω) =
Ae

2
∑N

j=1
Re

{

p*
j (ω)ẇj(ω)

}

=
1
2
∑N

i=1

∑N

j=1
Re

{

ẇ*
i (ω)Zij(ω)ẇj(ω)

}

. (30) 

where pj(ω) and ẇj(ω) are the complex amplitudes of the sound pressure and radial velocity at the centre of the j-th element and 

Zij(ω) =
Aepi(ω)
ẇj(ω)

= − j
ωρ0A2

e
2π2

∑+∞

m=0
εmcos

(
m
(
θi − θj

) )
∫∞

0

cos
(
kz
(
zi − zj

) )

krRc

H(2)
n (krRc)

H(2)́
n (krRc)

dkz (31) 
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In this case too, the complex velocities at the centre points of the mesh of elements can be obtained from the dynamic flexibility 
relation of Eq. (10) such that 

P(ω) =
1
2

ω2
∑N

i=1

∑N

j=1
Re

{
f *
r (ω)α*

i (ω)Zij(ω)αj(ω)fr(ω)
}
, (32) 

where fr(ω) is the complex amplitude of the radial force exerted by the shaker.
As done above, these summations can be implemented with algebraic expressions based on the vectors of the complex velocities 

ẇ(ω) =
[

ẇ1(ω) ⋯ ẇN(ω)
]T 

and complex pressures p(ωk) = [ p1(ω) ⋯ pN(ω) ]T at the grid of centres points and the vector 

a(ω) = ⌊ α1(ω) ⋯ αN(ω) ⌋T with the dynamic flexibilities such that 

P(ω) =
Ae

2
Re

{
pH(ω)ẇ(ω)

}
=

1
2

Re
{

ẇH
(ω)Z(ω)ẇ(ω)

}
, (33) 

where ()H is the Hermitian-transpose matrix operator and Z(ω) is a square matrix with the acoustic impedances given in Eq. (31). Here, 
the Z(ω) matrix is symmetric and thus the time average total sound power radiation can be expressed in the following compact matrix 
form (see Section 3.6.2 in Ref. [65]): 

P(ω) = ẇH
(ω)R(ω)ẇ(ω), (34) 

which, recalling Eq. (16) with the matrix expression of the dynamic flexibilities obtained from the camera measurements, becomes 

P(ω) = ω2aH(ω)R(ω)a(ω)f2
r0, (35) 

where fr0 = |fr(ω) | is the amplitude of the radial force exerted by the shaker. Also, R(ω) is the radiation matrix [65], whose elements 
are defined as follows: 

Rij(ω) =
1
2

Re
{
Zij(ω)

}
= Re

⎧
⎨

⎩
− j

ωρ0A2
e

4π2

∑+∞

m=0
εmcos

(
m
(
θi − θj

) )
∫∞

0

cos
(
kz
(
zi − zj

) )

krRc

H(2)
n (krRc)

H(2)́
n (krRc)

dkz

⎫
⎬

⎭
. (36) 

In the numerical calculations implemented in this study, the infinite summation 
∑+∞

m=0( ) was truncated to the first M+1 terms that 

guarantee convergence. Also, it was noticed that when kz > k, kr =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − k2
z

√

becomes imaginary, such that, according to Skudrzyk 
[72], the following equivalence was made: 

1
krRc

H(2)
n (krRc)

H(2)́
n (krRc)

=
Kn(|kr|Rc )

|kr|RcKń(|kr|Rc )
, (37) 

where Kn is the modified Bessel function of the second kind. For computing purposes, the integral 
∫∞

0
(

)
dkz in Eq. (36) was also 

approximated into a Riemann middle-point sum, such that 

Rij(ω) ≅ Re

⎧
⎪⎪⎨

⎪⎪⎩

− j
ωρ0A2

e
4π2

∑M

m=0
εmcos

(
m
(
θi − θj

) )∑R

r=0

cos
(
rΔkz

(
zi − zj

) )

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

Rc

H(2)
n

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

Rc

)

H(2)́
n

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

Rc

)Δkz

⎫
⎪⎪⎬

⎪⎪⎭

, (38) 

where Δkz and R had been fixed in such a way as to guarantee convergence of the integral 
∫∞

0
(
)

dkz.

For completeness, beside the proposed approach based on the integration of the sound intensity over the radiating surface (Fig. 1c), 
the total sound power radiation was also derived with the classical approach where the sound intensity is integrated over a large 
surface that encloses the radiating object. In this case, the cylindrical surface Sr shown in Fig. 1d. Thus, recalling Eq. (20) and 
considering the fact that, in the far-field, the sound waves locally resemble a plane wave over the measurement surface Sr such that the 
particle velocity has radial direction given by u̇r(xr, t) = p(xr, t)/(ρ0c), the instantaneous total sound power radiation results 

P(t) =
1

ρ0c

∫

Sr

p(xr, t)2dSr. (39) 

Hence, assuming time-harmonic sound waves, the time-averaged total sound power radiation is given by 
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P(ω) =
1

2ρ0c

∫

Sr

|p(xr,ω) |
2dSr, (40) 

where p(xr,ω) is the complex amplitude of the time-harmonic sound pressure at position xr on the measurement surface Sr. In prin
ciple, the measurement surface should enclose the flexible cylinder and the rigid baffles, thus it should be a cylinder with large 
diameter Dr and infinite length. In this study, a cylinder with finite length Hr has been considered instead, which, nevertheless, covers 
the whole flexible cylinder and a portion of the baffles sufficient to detect the sound field radiated by the structure and scattered by the 
baffles. As done above for the integration over the sound radiation surface Sc in Eq. (27), the total sound power radiation can be 
expressed in terms of the following double integration 

P(ω) ≅
1
2

∫

Sr

∫

Sc

Re{ẇ*
(x,ω)Z*(xr|x,ω)Z(xr|x,ω)ẇ(x,ω) }dScdSr, (41) 

where, recalling Eqs. (26) and (28)

Z(xr|x,ω) = − j
ωρ0

2π2

∑+∞

m=0
εmcos(m(θr − θ) )

∫∞

0

cos(kz(zr − z) )
krRc

H(2)
n (krrr)

H(2)́
n (krRc)

dkz. (42) 

Here, (rr, θr, zr) are the coordinates of the points on the surface Sr. As highlighted in the formula, in this case Eq. (41) provides an 
approximated result since a finite radiation surface Sr is considered rather than an infinitely long cylinder. As shown in Fig. 1d, to 
simplify the calculus, the integrals over the measurement surface Sr and the radiation surface Sc have been converted into Riemann 
mid-point sums across the meshes of Nr = 6 × 8 = 48 and N = 62 × 20 = 1240 elements respectively, such that 

P(ω) ≅
Ar

2ρ0c
∑Nr

j=1

⃒
⃒
⃒pj(ω)

⃒
⃒
⃒
2
=

1
2ρ0c

∑N

i=1

∑Nr

j=1
ẇ*

i (ω)Zij(ω)*Zij(ω)ẇi(ω), (43) 

where Ar = Sr/Nr is the area of the quadrilateral elements in the radiation surface (here too they all have the same value). Considering 
the derivation presented above for the impedance terms in Eqs. (31) and (38), the impedances in the equation above result given by 

Zij(ω) =
Arpi(ω)

ẇj(ω)
= − j

ωρ0ArAe

2π2

∑M

m=0
εmcos

(
m
(
θi − θj

) )∑R

r=0

cos
(
rΔkz

(
zi − zj

) )

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

Rc

H(2)
n

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

ri

)

H(2)́
n

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (rΔkz)
2

√

Rc

)Δkz. (44) 

As seen above, the complex velocities at the centre points of the 62 × 20 mesh of elements in the cylinder surface can be obtained from 
the dynamic flexibilities in Eq. (10) derived from the camera measurements, such that 

P(ω) ≅
Ar

2ρ0c
∑Nr

i=1
|pi(ω) |

2
=

ω2

2ρ0c
∑N

i=1

∑Nr

j=1
f *
r (ω)α*

i (ω)Zij(ω)
*Zij(ω)αj(ω)fr(ω). (45) 

Here too, the double summation in Eq. (45) can be casted in a compact matrix expression with reference to vector in Eq. (16) of 
dynamic flexibilities obtained from the camera measurements, such that: 

P(ω) ≅ ω2aH(ω)ZH(ω)Z(ω)a(ω)f2
r0, (46) 

where the matrix Z(ω) contains the impedances defined in Eq. (44).

3.4. Cylinder total flexural vibration and total sound radiation from laser and microphone array measurements

As discussed in Section 2.3 and shown in Fig. 6, the validity of the vibration and sound radiation measurement approach based on 
multi-view video recordings proposed in this article has been assessed with classical vibration (laser vibrometer) and sound radiation 
(anechoic room and microphones array) measurements. As depicted in Fig. 6a, the laser vibrometer has been used to measure mobility 
FRFs given by the ratios between the complex amplitudes of the velocities measured at the grid of centre points, ẇj(ω) = jωwj(ω), and 
the complex amplitude of the radial force exerted on the cylinder, fr(ω): 

Yj(ω) =
ẇj(ω)

fr(ω)
= jωαj(ω). (47) 

Hence, recalling Eq. (14), the time-averaged kinetic energy has been derived with the following formula 

P. Gardonio et al.                                                                                                                                                                                                      Mechanical Systems and Signal Processing 249 (2026) 114054 

13 



K(ω) ≅ ρchcAe

4
∑N

j=1

⃒
⃒Yj(ω)

⃒
⃒2f2

r0. (48) 

Here too, the complex velocity and the mobility FRFs casted into the following column vectors ẇ(ω) =
[

ẇ1(ω) ⋯ ẇN(ω)
]T 

and 

Y(ω) = [Y1(ω) ⋯ YN(ω) ]
T were used, such that 

ẇ(ω) = Y(ω)fr(ω), (49) 

and 

K(ω) ≅ Me

4
ẇH

(ω)ẇ(ω) = Me

4
YH(ω)Y(ω)f2

r0. (50) 

As shown in Fig. 6b, the total sound power radiation has been measured in an anechoic room with a microphone array that has 
generated a total of 48 FRFs given by the ratios of the complex amplitudes of the sound pressures, pi(ω), measured at the centers of the 
6 × 8 quadrilateral elements the radiation surface has been divided into and the complex amplitude of the radial force exerted on the 
cylinder, fr(ω): 

Hi(ω) =
pi(ω)
fr(ω)

. (51) 

Hence, the time-averaged total sound power radiation has been derived from Eq. (40) after the integration over the radiating surface 
has been substituted into a Riemann mid-point sum over the mesh of elements the surface has been divided into: 

P(ω) ≅
Ar

2ρ0c
∑Nr

i=1
|Hi(ω) |2f2

r0. (52) 

As done above, the sound pressure and the acoustic FRFs can be cast into the following column vectors
p(ω) = ⌊ p1(ω) ⋯ pN(ω) ⌋

T and H(ω) = ⌊H1(ω) ⋯ HN(ω) ⌋
T, such that 

p(ω) = H(ω)fr(ω). (53) 

Thus, the time-averaged total sound power radiation results given by the following matrix relations 

P(ω) ≅
Ar

2ρ0c
pH(ω)p(ω) =

Ar

2ρ0c
HH(ω)H(ω)f2

r0. (54) 

4. Narrow and third-octave band spectra of K and P

The spectral analysis for the total flexural vibration and total sound radiation is here introduced with respect to narrow band and 
third-octave band spectra of the time-averaged total flexural kinetic energy (e.g. Eqs. (18), (50)) and the time-averaged total sound 
power radiation (e.g. Eqs. (35), (46), (54)). The third-octave band spectra were derived from the following relations for the n-th band 
[15]: 

KELn = 10log10
Kn

Kr
, (55) 

PWLn = 10log10
Pn

Pr
(56) 

where Kr = 10− 12J = 1pJ and Pr = 10− 12W = 1 pW are reference values for the kinetic energy and sound power and 

Kn =
ΔBn

Ni

∑i2

i=i1

K(ωi), (57) 

Pn =
ΔBn

Ni

∑i2

i=i1

P(ωi), (58) 

are the band-limited values, which were calculated using the spectral values K(ωi), P(ωi) given respectively in Eqs. (18), (50) and Eqs. 
(35), (46), (54). Here ΔBn is the width of the n-th third-octave band and Ni = i2 − i1, where i1, i2 are the indices of the frequency- 
samples at the lower and maximum frequency of the third-octave band [2].
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4.1. Spectra of K

To start with, Figs. 7 and 8 present the narrow and third-octave band spectra of the total vibration kinetic energy. The blue lines or 
bars show the reference spectra derived from the measurements taken with the laser vibrometer whereas the red lines or bars show the 
spectra obtained from the camera measurements and the formulations presented in Section 3. The narrow band spectra in Fig. 7 are 
characterised by a rich content of resonance peaks due to the low order flexural natural modes of the cylinder. In general, the two 
spectra overlap quite well, although the resonance peaks in the spectrum derived from the camera measurements are less pronounced 
than those in the spectrum derived from the laser vibrometer measurements. This is principally because the spectrum from the camera 
measurements has been derived with a coarser frequency sampling rate.

Fig. 8 shows that there is a reasonably good agreement between the third-octave band spectra derived from the camera video 
acquisitions (red bars) and from direct measurements taken with the laser vibrometer (blue bar) with differences of the two spectra 
confined between 1 and 5 dB. Apart from the first two third-octave bands, the vibration levels reconstructed from the camera ac
quisitions are lower than those obtained from the measurements with the laser vibrometer. As noticed above, this is mainly caused by 
the fact that a coarser narrow band spectrum was reconstructed from the camera measurements, which is therefore characterized by 
smoother resonance peaks than the spectrum derived from the laser vibrometer measurements. The larger differences of 4, 5 dB found 
at 400, 630, 1250, and 1600 Hz are most likely due to the fact that the two measurements couldn’t be performed simultaneously. Thus, 
it could be that the flexural response of the cylinder has undergone changes between one measurement and another, due for example to 
temperature variations. Moreover, while the camera measurements took about half an hour, those with the laser vibrometer lasted 
several hours. Thus, it is likely that during the long acquisitions with the laser vibrometer, the cylinder flexural response varied 
significantly under the effect of heating produced by the shaker placed inside the cylinder to generate the radial force excitation.

4.2. Spectra of P

The analysis of the narrow band and third-octave band spectra for the total sound power radiation is organised in two parts: the 
first, is focussed on spectra derived from the vibration measurements using the formulation based on the integration of the sound 
intensity over the surface of the cylinder, e.g. Eq. (35), whereas, the second, considers the spectra calculated from the vibration 
measurements with the classical formulation that integrates the sound radiation over a far-field measurement surface, e.g. Eq. (46). For 
completeness, in both analyses, the sound power radiation is calculated from both the camera vibration measurements and the laser 
vibrometer measurements. In the latter case, Eqs (35) and (46) are still used assuming that a(ω) = Y(ω)/(jω), where Y(ω) =

[Y1(ω) ⋯ YN(ω) ]
T is the vector with the mobility FRFs measured with the vibrometer.

Considering first the spectra derived from the vibration measurements using the formulation based on the integration of the sound 
intensity over the surface of the cylinder, e.g. Eq. (35), the red line in Fig. 9 shows the narrow-band spectrum obtained from the camera 
measurements whereas the blue line in Fig. 10 shows the narrow-band spectrum derived from the laser vibrometer measurements. The 

Fig. 7. Narrow band spectrum of the total vibration kinetic energy per unit force excitation from measurements with laser vibrometer (blue line) 
and camera (red line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Third-octave band spectrum of the total vibration kinetic energy from measurements with laser vibrometer (blue bar) and camera (red bar)– 
dB rel. to 10− 12J. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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black line in both Figures shows the narrow-band spectrum reconstructed from the measurements in the anechoic room taken with the 
array of microphones using Eq. (54). In general, the spectra obtained from the camera and laser vibrometer measurements agree well 
with those obtained from the acoustic measurements. The spectrum produced from the camera measurements (red line in Fig. 9) shows 
some deviations compared to that derived from the acoustic measurements in the anechoic room (black line in Fig. 9), in particular 
between 600 and 750 Hz. Furthermore, it does not show deep troughs as those visible in the spectrum calculated from the acoustic 
measurements. These discrepancies are in any case limited and occur for sound power radiation values that, as will be seen below, have 
little influence on the third-octave values of the spectrum. The spectrum obtained from the laser vibrometer measurements (blue line in 
Fig. 10) also agree quite well with that obtained from the acoustic measurements in the anechoic room (black line in Fig. 10). It shows 
slightly more sharper resonance peaks, but, again, apart from the range 600 to 750 Hz, it generally overlaps reasonably well with the 
spectrum derived from acoustic measurements. Considering the three spectra in third-octave bands depicted in Fig. 11 (red bars from 
camera measurements, blue bars from laser measurements, black bars from microphone measurements), except for the third-octave 
band at 630 Hz, the differences between the third-octave levels obtained from the camera and laser vibration measurements and 
those obtained from the microphones acoustic measurements are rather small and limited between 1 and 2 dB.

Here, it should be highlighted that the acoustic-based measurement also offers an estimate, which, as a matter of facts, is based on a 
relatively small number of measurement points (the Nr = 6 × 8 = 48 points depicted in Figs. 1d and 6b) and relies on the quality of the 
anechoic room, which may be affected by poor acoustic absorption at specific frequency bands as well as flanking noise effects 
(outdoor and indoor, including the equipment used for the measurement). On the contrary, the measurement approach proposed in 
this work relies on a rather dense grid of N = 62 × 20 = 1240 vibration measurements, which in general is not affected by background 

Fig. 9. Narrow band spectrum of the total sound power radiation per unit force excitation from measurements with microphones (black line) and 
calculated from measurements with camera (red line). (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.)

Fig. 10. Narrow band spectrum of the total sound power radiation per unit force excitation from measurements with microphones (black line) and 
calculated from measurements with laser vibrometer (blue line). (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

Fig. 11. Third-octave band spectrum of the total sound power radiation from measurements with microphones (black bars) and calculated from 
measurements with laser vibrometer (blue bars) and camera (red bars) – dB rel. to 10− 12W. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)
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and flanking acoustic noise effects, unless they are so high to alter the vibration of the structure. In general, the camera vibration 
measurements are affected by pixelization errors, which principally depend on the time and spatial resolution of the camera. In this 
study a rather fast camera was employed, which guaranteed a correct reconstruction of the vibration field up to 2 kHz. The camera was 
also characterised by a rather high spatial resolution, which, as analysed in Section 4.1 above, ensured quite a reasonable recon
struction of the vibration field. Nevertheless, as discussed in Ref. [82], the errors arising from the pixelization of the displacements 
mostly have a random nature and thus, when the K-H integral formulation is implemented to derive the total sound power radiation, 
they tend to cancel out such that the accuracy of the sound radiation prediction results higher than that of the reconstructed vibration 
field. Hence, as seen in the previous section for the vibration spectra, the differences between the three spectra of the sound power 
radiation shown in Figs. 9 and 10, are most likely due to the fact that the three measurements were not performed simultaneously. 
Moreover, while the camera measurements took a relatively short time of the order of half an hour, the measurements with the laser 
vibrometer and array of microphone took a much longer time, in the order of several hours. Thus, it is quite possible that the flexural 
response of the cylinder underwent significant changes, particularly in the frequency range comprised between 600 and 750 Hz.

Considering now the spectra derived from the vibration measurements using the classical formulation that integrates the sound 
radiation over a far-field measurement surface, e.g. Eq. (46), the red line in Fig. 12 shows the narrow-band spectrum based on the 
camera measurements whereas the blue line in Fig. 13 shows the narrow-band spectrum obtained from the laser vibrometer mea
surements. Also, the black lines in both figures show the narrow-band spectrum derived from the measurements in the anechoic room 
taken with the array of microphones using Eq. (54). In this case, at low frequencies below about 800 Hz, compared to spectra from 
vibration measurements shown in Figs. 9 and 10, the spectra obtained from vibration measurements in Figs. 12 and 13 agree less well 

Fig. 13. Narrow band spectrum of the total sound power radiation per unit force excitation from measurements with microphones (black line) and 
reconstructed at microphones from measurements with laser vibrometer (blue line). (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

Fig. 14. Third-octave band spectrum of the total sound power radiation from measurements with microphones (black bars) and reconstructed at 
microphones from measurements with laser vibrometer (blue bars) and camera (red bars) – dB rel. to 10− 12W. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Narrow band spectrum of the total sound power radiation per unit force excitation from measurements with microphones (black line) and 
reconstructed at microphones from measurements with camera (red line). (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)
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with that obtained from the acoustic measurement. This suggests that the derivation of the total sound power radiation from the 
integral of the sound intensity over the surface of the cylinder, e.g. using Eq. (35), is more accurate than the classical approach based on 
the integration of the sound radiation over a far-field measurement surface, e.g. using Eq. (46). As anticipated above, this is mainly due 
to the fact that in Eq. (35) the integration has been approximated by a Riemann mid-point sum over a smaller surface (e.g. Sc ≪ Sr) 
with a much larger number of points (e.g. N ≫ Nr), hence considering much smaller elemental areas Ae ≪ Ar. Moreover, in this specific 
case, the integration in Eq. (46) has been implemented over a cylinder of finite length whereas, in principle it should have been an 
infinitely long cylinder. This is confirmed by the three spectra in third-octave bands depicted in Fig. 14 (red bars from camera 
measurements, blue bars from laser measurements, black bars from microphone measurements).

5. Extension to structures with uneven geometries

The methodology presented in this article for the measurement with optical cameras of the narrow band and third-octave band 
spectra of the total sound power radiated by a baffled cylindrical shell can be extended quite straightforwardly to structures and bodies 
with uneven geometries too. Indeed, overall, the time-averaged total sound power radiation of generic 2D or 3D structures can be 
derived with Eq. (33) using the vibrations reconstructed from multi-view camera acquisitions. There is just one critical issue that 
should be addressed for structures with arbitrary geometries: the calculation of the self and cross acoustic impedance terms. In fact, for 
radiators having uneven geometries, the Kirchhoff-Helmholtz integral in Eq. (23) cannot be solved analytically in closed form. Hence, 
approximate methods should be employed to reconstruct the acoustic field on the radiating surface necessary for the derivation of the 
self and cross impedance terms in Eq. (33) [65]. In general, both the acoustic Boundary Element Method and the acoustic Finite 
Element Method can be employed for this purpose. As shown schematically in Fig. 15 for a generic enclosure, the BEM method relies on 
the discretisation of the radiating surface with a mesh of planar elements (normally triangular or quadrilateral elements). Instead, the 
FEM approach utilises a mesh of solid elements for the whole sound field (normally hexahedral, pentahedral, tetrahedral elements), 
which, for sound radiation into free field, is delimited by the so-called “infinite elements” that enforce the unbounded sound radiation. 
In general, the BEM method provides a set of equations in the unknown sound pressures at the nodal points of the 2D mesh of elements 
with reference to the imposed transverse velocities at the same nodal points, which, for time-harmonic vibrations, can be written in the 
following matrix form: 

Ap(ω) = jωρ0Bẇ(ω). (59) 

Fig. 15. BEM (b,c) and FEM (d,e) models for the derivation of the outward/free-field (left-hand side) and inward (right-hand side) total sound 
power radiation of a vibrating structure sitting on a rigid floor (a) based on the flexural vibrations reconstructed from the camera measurements 
(arrows) at the relevant nodal points of the BEM and FEM meshes highlighted by red dots. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)
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Here the vectors p(ω) and ẇ(ω) contain the complex sound pressures and transverse velocities at the nodal points of the mesh. Also, the 
matrices A and B are derived by discretisation of the Kirchhoff-Helmholtz integral over the mesh of elements as described in Ref. [65]
for example. Instead, the FEM approach provides a set of equations in the unknown sound pressure at the nodal points of the 3D mesh 
of elements in the radiation field with reference to the imposed volume velocities at the nodal points lying on the surface of the 
radiator, which for time harmonic vibrations, can be casted into the following matrix expression 

[
− ω2Q+ jωD+H

]
p(ω) = Vẇ(ω). (60) 

Here the vector p(ω) contains the complex sound pressures on the nodes of the whole mesh of elements whereas the vector ẇ(ω)
contains the imposed complex velocities at the nodes of the mesh lying on the radiation surface. Also, the matrices Q, D, H, are global 
acoustic inertia, damping and stiffness matrices, which, as shown in Ref. [65], can be derived from discretisation of Hamilton’s integral 
equation over the radiation volume covered by the mesh. Finally, the matrix V transforms the nodal velocities into volume velocity 
sources.

Both approaches can thus be used to derive the complex sound pressures pi(ω) at the nodal points laying on the surface of the 
structure due to the vibration velocities ẇi(ω) at the same points reconstructed from multi-view camera acquisitions as described in 
Section 3.1 above. The self- and cross-impedance functions in Eq. (33), can then be calculated starting from Eq. (22), which can be split 
into a summation of integrals over the areas of the 2D BEM or 3D FEM elements lying on the radiation surface: 

P(ω) =
1
2

∫

Ss

Re{p*(x,ω)ẇ(x,ω) }dSs =
1
2
∑Ne

e=1

∫

Se

Re{p*(z,ω)ẇ(z,ω) }dSe. (61) 

Here Ss is the area of the whole structure whereas Se is the area of the e-th BEM or FEM element laying on the vibrating surface of the 
structure. It is important to emphasize that, for the FEM elements laying on the radiating surface, the integration is implemented only 
over the face sitting on the surface of the radiator. Also, p(z,ω) and ẇ(z,ω) are the complex amplitudes of the sound pressure and 
particle velocity within the e-th element, which are formulated with respect to their nodal values assembled in column vectors pe(ω)
and ẇe(ω) respectively: 

p(z,ω) = b(z)pe(ω), (62) 

ẇ(z,ω) = b(z)ẇe(ω). (63) 

Here, the positions are defined with respect to local coordinates z = (ξ, η) and z = (ξ, η, ζ) of the BEM and FEM elements respectively. 
Also, the row vector b(z) contains polynomial functions in ξ, η and ξ, η, ζ respectively (see Ref. [65] for more details). Substitution of 
Eqs. (62), (63) into Eq. (61) gives 

P(ω) =
1
2
∑Ne

e=1
Re

{

pH
e (ω)Ceẇe(ω)

}

, (64) 

where the matrix 

Ce =

∫

Se

bT
(z)b(z)dSe (65) 

is derived either for the BEM elements laying on the radiating surface or for the FEM elements having one side facing the radiating 
surface. As noted above, for the FEM element the integration is carried out only for the face sitting on the surface of the radiator. Since 
the nodal pressures and velocities in either BEM or FEM formulations are gathered into global column vectors, p(ω) ẇ(ω), Eq. (64) can 
be rewritten in matrix form 

P(ω) =
1
2

Re
{
pH(ω)Cẇ(ω)

}
, (66) 

where the matrix C is built by assembling the elements of the Ce matrices in the appropriate row/column positions. The BEM and FEM 
Eqs. (59) and (60) can be used to derive impedance matrix relations between the sound pressure and vibration velocities at the nodal 
points 

p(ω) = Zn(ω)ẇ(ω), (67) 

where the impedance matrix Zn(ω) is given by 

Zn(ω) = jωρ0A− 1B, (68) 

Zn(ω) =
[
− ω2Q + jωD + H

]− 1V, (69) 
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respectively for the BEM and FEM formulations. Hence 

P(ω) =
1
2

Re
{

ẇH
(ω)Z(ω)ẇ(ω)

}
, (70) 

where Z(ω) = ZH
n (ω)C. In case the impedance matrix Z(ω) were symmetric, then Eq. (70) could be rewritten with respect to a radiation 

matrix R(ω) = 1/2Re{Z(ω) } = 1/2Re
{
ZH

n (ω)C
}
, such that 

P(ω) = ẇH
(ω)R(ω)ẇ(ω). (71) 

As outlined at the beginning of Section 3.3. and discussed in books (e.g. see Refs. [1,2]) and international guidelines (e.g. see ISO 
Refs. [3,4]), in practice the total sound power radiation into free-field is generally derived by integrating the far-field sound intensity 
over a closed surface (normally a sphere, hemisphere, cylinder, rectangular-hexahedron). In this case, Eq. (20) should be used, which, 
assuming that the acoustic waves locally resemble plane waves and assuming time harmonic vibrations and sound radiation, leads to 
Eq. (40). As normally done for practical measurements with microphones in anechoic rooms (e.g. see Ref. [13]), the integral in Eq. (40)
can be approximated by a summation of the sound pressure over a finite number of points regularly scattered over the measurement 
surface to give Eq. (43). In this case the BEM and FEM formulations can be employed to derive the transfer impedance functions 
between the vibration velocities reconstructed from the multi-view camera acquisitions at the nodal points of the BEM and FEM 
meshes laying on the surface of the radiator and the sound pressures at the nodal points of the BEM and FEM meshes sitting on the far- 
field closed surface. As a result, the time averaged total sound power radiation is calculated 

P(ω) =
Sef

2ρ0c
ẇH

(ω)ZH
r (ω)Zr(ω)ẇ(ω), (72) 

where the matrix Zr(ω) contains these transfer impedance functions and Sef = Sr/Nr and Nr is the number of points on the radiation far- 
field surface Sr considered for the estimate of the total sound power radiation. Normally, the type of measurement surface and the 
number and positions of these points is chosen according to ISO guidelines (e.g. see Ref. [13]). Although this is a well-established 
measurement approach, since the multi-view camera acquisitions allows the full-field derivation of a flexural vibration of the struc
ture over a dense grid of points, the method based on the derivation of Eq. (21) over the area of the radiator described above is 
preferred since it does not require the calculation of the transfer impedance matrix Zr(ω). Moreover, it can be employed both for 
exterior free-field and interior sound radiation problems. The implementation of the formulation proposed in this section is thus 
recommended since it provides a direct estimate of the radiated sound power over a dense grid of nodal points without the need of 
extra calculations and, rather importantly, it can be used for both exterior and interior radiation problems of enclosures.

Indeed, as shown in Fig. 15, the approach proposed in this article can be employed to derive the spectra of both outward free-field 
and inward total sound power radiation, where, in the latter case, the camera measurements should be performed within the enclosure. 
Thus, it is expected that this methodology can be conveniently employed to assess the outward sound radiation of machine housings (e. 
g. of domestic appliances, of sections/components of road vehicles, etc.) as well as the inward sound transmission into enclosures (e.g. 
by trim panels of aircraft, by windows or walls of buildings, etc.). In particular, it can be suitably used to isolate the sound radiation of a 
specific portion of the radiating structure or machinery. Moreover, it can be effectively combined with emerging techniques where the 
excitation field is synthesized artificially with array of loudspeakers or shakers that reproduce specific vibro-acoustic fields such as: a) 
the pressure field exerted by a turbulent air flow on the flexible fuselage of aircraft, b) the diffuse acoustic field exerted on windows of 
building, c) the stochastic vibrations exerted by the road profile on tires of vehicles, d) the broadband stochastic vibrations exerted on 
payloads of satellite launch vehicles.

The formulation presented in this article is based on the derivation of dynamic flexibility FRFs αj(ω), which rely on the mea
surement of the force excitation exerted on the structure. Nevertheless, for practical applications where the vibration of the structure is 
not generated artificially with a shaker, the reference vibration signal can be measured directly onto the structure with an acceler
ometer sensor for example. Moreover, as normally done for vibro-acoustic measurements of real case structures subject to stationary 
disturbances, the spectra of the time-averaged total flexural kinetic energy and total sound power radiation can be derived directly 
from the power and cross-power spectral densities of the vibrations reconstructed from the camera acquisitions using Eq. (17) and Eq. 
(34) respectively (as an example, see Section 3.1 in Ref. [83]).

Although this article has outlined the general formulation for the derivation of the total sound power radiation, there are still a few 
challenges that need to be overcome to make this technology a viable solution for practical measurements of the sound radiation 
spectra of flexible structures. The first concerns the hardware: cameras with very high spatial and temporal resolution are mandatory 
to perform high frequency measurements, which typically should reach quite a few kHz (ideally up to 20 kHz) and should detect very 
small vibrations, particularly at the higher frequencies. In this respect, it should be emphasized that ordinary cameras provide in
formation on positions, which are then used to reconstruct displacements. Thus, it would be helpful if new photosensor technologies 
were developed, which provide information on displacements such that vibration velocities can be reconstructed directly. A new class 
of cameras based on neuromorphic sensors, known as Event Cameras, has recently been developed [84–87], which indeed detect 
variations of brightness that would provide direct information on displacements. This is a rather appealing working principle since an 
elementary ±1 binary information is generated by each pixel of the photosensor when there is a local change of brightness ±Δ. Hence, 
these cameras generate asynchronous flows of information on changes of brightness, which can be conveniently used to reconstruct 
displacements, although the tracking of target points of the structure from flows of events is not so straightforward. Nevertheless, they 
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generate flows of elementary information at unprecedented rates that can be handled with lower computing power compared to the 
data generated by classical photosensors that may prove instrumental to achieve broadband vibration measurements [88–92]. The 
implementation of multi-view acquisitions with multiple synchronized cameras or with single cameras where either the camera or the 
sample are displaced in between acquisitions also requires further development work, particularly to develop simple setups that can be 
installed, calibrated, synchronized with simple operations.

In parallel to the hardware, also the software side of this measurement approach presents a few challenges yet to be addressed. 
Firstly, at present the 3DPT or DIC image techniques still require the application on the radiating surface of markers or films with 
speckle patterns, which is not an easy task to perform and may alter the dynamic response of the structure too. Also, it would be 
important if the camera(s) could be used to acquire multi-view images of the radiator and radiating scene to then reconstruct a digital 
twin of their geometry that can be used to generate automatically the BEM and FEM meshes for the calculation of the radiation matrix. 
Finally, the reconstruction of the sound radiation due to practical disturbances for which no reference signal may be available should 
be addressed starting from the classical signal processing tools employed for direct acoustic measurements.

6. Conclusions

This research introduced and proved the feasibility of classical narrow band and third-octave band spectral measurements of the 
total vibration kinetic energy and total sound power radiation by a flexible cylinder connected to rigid baffles using optical camera 
video acquisitions. Two formulations have been proposed where the total radiated sound power has been derived by integration of the 
sound intensity over the radiating surface itself and over a far-field monitor surface where the sound waves resemble plane waves. Both 
the narrow-band and the third-octave-band vibration and sound radiation spectra reconstructed from the camera measurements 
overlap quite well with those derived from direct measurements taken respectively with a laser vibrometer and an array of micro
phones arranged according to ISO standards. The vibration spectrum reconstructed from the camera measurements replicates fairly 
well that obtained from direct measurements made by the laser vibrometer, although it has more rounded resonance peaks because it 
was calculated with a coarser sampling frequency. As a result, the third-octave band spectrum generated from the camera measure
ments is generally 1 to 5 dB lower than that obtained from the laser vibrometer measurements. The sound radiation spectrum obtained 
from the camera measurements replicates rather well that obtained from direct acoustic measurements in the anechoic room. There is 
just a critical band comprised between 600 and 750 Hz where the sound level predicted from the camera measurements shows marked 
differences from that measured in the anechoic room with microphones. Nevertheless, the deviations between the third-octave band 
spectrum derived from the camera measurements and that derived from direct acoustic measurements in the anechoic room are 
confined between 1 and 2 dB only. The study has shown that the derivation of the total sound power radiation based on the integration 
of sound intensity over the radiating surface is generally more accurate than that based on the integration of the sound intensity over a 
closed far field surface.
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C. Peeters, T. Poupon, D. Rémond, F. Renaud, J. Roussel, J. Touzet, T. Verwimp, L. Viale, M. Yazdanianasr, R. Zhu, Video-based diagnosis of a rolling element 
bearing using a high-speed camera, in: Feedback on the Survishno 2023 Conference Contest, Mechanical Systems and Signal Processing Volume 230, 2025, 
https://doi.org/10.1016/j.ymssp.2025.112601.

[43] T.J. Beberniss, D.A. Ehrhardt, High-speed 3d digital image correlation vibration measurement: recent advancements and noted limitations, Mech. Syst. Signal 
Process. 86 (2017) 35–48, https://doi.org/10.1016/j.ymssp.2016.04.014.

[44] R. Berke, C. Sebastian, R. Chona, E. Patterson, J. Lambros, High temperature vibratory response of hastelloy-x: Stereo-dic measurements and image 
decomposition analysis, Exp. Mech. 56 (2) (2016) 231–243, https://doi.org/10.1007/s11340-015-0092-3.

P. Gardonio et al.                                                                                                                                                                                                      Mechanical Systems and Signal Processing 249 (2026) 114054 

22 

https://doi.org/10.1016/j.apacoust.2019.107099
https://doi.org/10.1016/j.apacoust.2019.107099
https://doi.org/10.1016/j.ymssp.2023.110779
https://doi.org/10.1121/1.1984860
https://doi.org/10.1121/1.1984860
https://doi.org/10.1016/0022-460x(76)90552-6
https://doi.org/10.1016/j.ymssp.2022.108970
https://doi.org/10.1016/j.apacoust.2021.107914
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0075
https://doi.org/10.1088/1742-6596/2041/1/012013
https://doi.org/10.1016/j.measurement.2021.110605
https://doi.org/10.1016/j.ymssp.2023.110289
https://doi.org/10.1016/j.ymssp.2025.112400
https://doi.org/10.1007/BF02325092
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0115
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0115
https://doi.org/10.1016/j.ymssp.2015.03.021
https://doi.org/10.1016/j.ymssp.2016.07.021
https://doi.org/10.1016/j.ymssp.2016.02.011
https://doi.org/10.2514/2.7047
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0140
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0145
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0145
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0150
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0155
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0155
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0160
http://refhub.elsevier.com/S0888-3270(26)00211-6/h0160
https://doi.org/10.1016/j.ymssp.2021.108040
https://doi.org/10.1016/j.ymssp.2025.112387
https://doi.org/10.1016/j.ymssp.2024.112179
https://doi.org/10.1016/j.ymssp.2024.111821
https://doi.org/10.1016/j.measurement.2024.114403
https://doi.org/10.1016/j.ymssp.2024.111681
https://doi.org/10.1016/j.ymssp.2025.112342
https://doi.org/10.1016/j.ymssp.2025.113521
https://doi.org/10.1016/j.ymssp.2025.112601
https://doi.org/10.1016/j.ymssp.2016.04.014
https://doi.org/10.1007/s11340-015-0092-3


[45] P.L. Reu, D.P. Rohe, L.D. Jacobs, Comparison of dic and ldv for practical vibration and modal measurements, Mech. Syst. Signal Process. 86 (2017) 2–16, 
https://doi.org/10.1016/j.ymssp.2016.02.006.

[46] R. Hartley, A. Zisserman, Multiple view geometry in computer vision, Cambridge University Press, 2017.
[47] R. Del Sal, L. Dal Bo, E. Turco, A. Fusiello, A. Zanarini, R. Rinaldo, P. Gardonio, Structural vibration measurement with multiple synchronous cameras, Mech. 

Syst. Signal Process. 157 (2021) 107742, https://doi.org/10.1016/j.ymssp.2021.107742.
[48] P. Sturm, S. Maybank, On plane-based camera calibration: A general algorithm, singularities, applications, in: Proceedings. 1999 IEEE Computer Society 

Conference on Computer Vision and Pattern Recognition (Cat. No PR00149), Vol. 1, 1999, pp. 432–437. https://doi.org/10.1109/CVPR.199 9.786974.
[49] Z. Zhang, A flexible new technique for camera calibration, IEEE Trans. Pattern Anal. Mach. Intell. 22 (11) (2000) 1330–1334, https://doi.org/10.1109/ 

34.888718.
[50] H.W. Kuhn, The hungarian method for the assignment problem, Naval Res. Logist. Quart. 2 (1–2) (1955) 83–97, https://doi.org/10.1002/nav.3800020109.
[51] L. Yu, B. Pan, Single-camera high-speed stereo-digital image correlation for full-field vibration measurement, Mech. Syst. Signal Process. 94 (2017) 374–383, 

https://doi.org/10.1016/j.ymssp.2017.03.008.
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